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SOLUTION TO THE SECOND BOUNDARY VALUE PROBLEM OF THE 
PRESCRIBED AFFINE MEAN CURVATURE AND ABREU’S EQUATIONS 

NAM Q. LE 


Abstract. The second boundary value problem of the prescribed affine mean curvature equation 
is a nonlinear, fourth order, geometric partial differential equation. It was introduced by Trudinger 
and Wang in 2005 in their investigation of the affine Plateau problem in affine geometry. The 
previous works of Trudinger-Wang, Chau-Weinkove and the author solved this global problem in 
under some restrictions on the sign or integrability of the affine mean curvature. We remove 
these restrictions in this paper and obtain solution to the second boundary value problem 

when the affine mean curvature belongs to with p greater than the dimension. Our self-contained 
analysis also covers the case of Abreu’s equation. 


1. Introduction and the main result 

In this paper, we are interested in obtaining global solution and lU^’^ estimates for the 

second boundary value problem of the prescribed affine mean curvature equation in dimensions n > 
2. More generally, let G : (0, oo) —>■ M be a smooth, strictly increasing and strictly concave function 
on (0, oo). We consider a fourth order, fully nonlinear, geometric partial differential equation of the 
form 

(1.1) L[u] := U^^Wij = /, w = G'{det D^u) in 11, 

where H C M"' is a bounded, smooth and uniformly convex, n is a locally uniformly convex function 
in H, and throughout, 

U = (U*^) = {det D^u){D‘^u)-^ 
is the matrix of cofactors of the Hessian matrix D^u = {uij). 

We note that dni) consists of a Monge-Ampere equation for u in the form of det D^u = G' ^{w) 
and a linearized Monge-Ampere equation for w in the form of U^^Wij = f because the coefficient 
matrix U comes from linearization of the Monge-Ampere operator: U = 

The second boundary value problem for (jl.lj) prescribes the values of u and its Hessian determi¬ 
nant det D^u on the boundary, or equivalently, 

(1.2) u = ip, w = ijj on do,. 

The problem (ll.ip - (jl.2j) with G{d) = and 9 = was introduced by Trudinger-Wang 

[TW3| in their investigation of the affine Plateau problem in affine geometry. In this context, the 
quantity — is the affine mean curvature of the graph of u; in particular, equation (jl.ip with 

/ = 0 corresponds to the affine maximal surface equation |TW1| . In the limiting case 0 = 0 of 
, we take G{d) = logd and (II.ip is then known as Abreu’s equation in the context of existence 
of Kahler metric of constant scalar curvature [Xl lCHLSlICmiDTlimimiDillFgl lZlIZZ]. 

For a general concave function G, Donaldson |D5j investigated local solutions of (jl.ip with / = 0 
while Savin and the author [LSj studied regularity of (HID with Dirichlet and Neumann boundary 
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conditions on tc. In |LS] . we considered (II.ip as an Euler-Lagrange equation of a Monge-Ampere 
functional motivated by the Mabuchi functional in complex geometry. In fact, (HI) is the Euler- 
Lagrange equation, with respect to compactly supported perturbations, of the functional 

(1.3) = / G{det D'^u)dx — / ufdx, 

Jn Jn 

defined over strictly convex functions u on fl. For simplicity, we call L[u] in (jl.ip . where G is a 
general concave function, the generalized affine mean curvature of the graph of u. 

It is an interesting problem, both geometrically and analytically, to study the solvability of the 
fourth order, fully nonlinear equation (|l.ll) - (ll.2p . As in the classical theory of second order elliptic 
equations, we are led naturally to the following: 

Problem. Suppose the boundary data (p and tp are smooth. Investigate the solvability of 
solutions to when f is Holder continuous and solutions when f is less regular. 

Note that the case of dimension n = 1 is very easy to deal with and is by now completely settled 
(see also |CW] i. Thus we assume throughout that n > 2. Let us recall previous results on this 
problem in chronological order. 

The situation of solutions is by now well understood: Trudinger-Wang |TW4] solved this 

problem when / S C“(f2), / < 0, G{d) = and 6 £ (0,1/n). Very recently, Chau-Weinkove 
|CW| completely removed the sign condition on / in this case. 

The situation of IT^’^(n) solutions is as follows: 

• Trudinger-Wang [TW4| solved this problem for all p G (l,oo) when / G / < 0, 

G(d) = and 0 G (0,1/n). 

• The author [Q solved this problem when / < 0, / € LP(Q) with p > n, G{d) = and 
6 < 1/n. 

• Chau-Weinkove |CW| recently solved this problem for all p G (l,oo) when / G 

G{d) = and 0 < 0 < 1/n, thus extending the work of Trudinger-Wang |TW4] . In 

this particular case of G and 9, they also solved this problem for / G p > n with 

/“*■ := max(0, /) G L'^(Q) for some g > 1/9, thus extending the work of the author. Moreover, 
they also solved the problem for more general G and / with certain high integrability. More 
precisely, / satisfies / G p > n and G L°°{Q) and G : (0, oo) —M together with its 

derivative w{d) = G'{d) satisfies in addition: 

(Al) «;' + (l-l)3 <0. 

n d 

(A2) dw > c > 0 for some c > 0 and all d > 1. 

(A3) oo as d —^ 0. 

Chau-Weinkove raised the question [CWl Remark 1.1] on the weakest regularity assumption on 
/ giving a solution u G to (ll.lh - (ll.2p . 

1.1. The main result. Our main result. Theorem asserts the solvability of (|l.ll) - (|1.2p in 
IT'^’^(H) when / G withp > n. In particular, it answers Chau-Weinkove’s question under the 

weakest possible regularity on the generalized affine mean curvature / and general concave function 
G satisfying a set of conditions even weaker than (Al)-(A3). 

From now on, we assume that G : (0, oo) —>■ M is a smooth strictly concave function on (0, oo) 
whose derivative w{d) = G'{d) is strictly positive. We introduce the new coercivity condition: 

(B2) G{d) — dG'{d) —>■ oo when d —>■ oo. 

Theorem 1.1. Fix p > n and assume that (Al), (B2) and (A3) are satisfied. Let Q be a bounded, 
uniformly convex domain in M"’ with dLl G G^'^. Suppose f G p G and G W^’^(Q) 

with mlQi) > 0. Then there exists a unique uniformly convex solution u G to the second 

boundary value problem 
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It is quite remarkable that the integrability condition of the generalized affine mean curvature 
L[u] in Theorem 1 1.1 1 does not depend on the concave function G. In the special case of G{d) = 
with 9 = Theorem o tells us that we can prescribe the affine mean curvature (for any 
finite p > n) of the graph of a uniformly convex function with smooth Dirichlet boundary conditions 
on the function and its Hessian determinant. 

By using the Leray-Schauder degree theory as in Trudinger-Wang [TW3j . Theorem 1 1.1 1 follows 
from the following global a priori estimates for solutions of (ll.lh - (ll.2p . 

Theorem 1.2. Assume that (Al), (B2) and (A3) are satisfied. Let p > n and let Q be a bounded, 
uniformly convex domain in M"’ with dfl G G^’^. Suppose ip G G IT^’^(H), infofi > 0 

and f G Then, for any uniformly convex solution u G of hl.l\) - hl.2) . we have the 

estimate 

(1-4) ll^ll < C, 

where G depends onn,p,G,n, ||/||£,p(q), \\T\\w^,P{n) A\'(’\\w^^piQ)> and infnfi. 

Remark 1.3. A typical function G satisfying (Al) and (A3) is G{d) = where 6 < 1/n. This 
example satisfies (A2) or (B2) only when 0 < 0 < 1/n. 

Remark 1.4. The conditions (Al), (B2) and (A3) are weaker than (Al)-(A3). More precisely: 

(a) Suppose that G satisfies (Al)-(A3). Then, (Al), (B2) and (A3) hold. In fact, 

G(d) - dG'id) > G(l) - u;(l) + c(l - -)logd for all d > 1. 

n 

(b) The following function satisfies (Al), (B2) and (A3) but does not satisfy (Al)-(A3): 

r(d'\ = 

^ ^ loglog(d + e""")’ 

Remark 11.41 (a) tells us that the functions G satisfying (A1)-(A3) grow at least logarithmically, 
and thus belong roughly to the regime of where 0 < 0 < 1/n because (Al) also implies that 
{wdf~^/^y < 0, which means that, after integrating twice, G{d) < Gdf!'^ for d > 1. 

On the other hand, the example in Remark ll.41 fbl says that Theorem 1 1.1 1 also covers the case of 
functions G below the threshold of Abreu’s equation where G(d) = logd. 

We briefly comment on the roles of conditions (Al), (B2) and (A3) in Theorem 11.21 (Al) 
guarantees the concavity of the functional J; (A3) gives the upper bound for w while (B2) gives 
the upper bound for the dual w* of w via the Legendre transform. As will be seen later in Lemma 
12.71 w* = G(detdl^n) — (det Il^n)G'(det H^n). 

1.2. Optimality of the assumptions. We remark that the global estimate (jl.4j) fails when 
/ has integrability less than the dimension n or the coercivity condition (B2) is not satisfied. 

Remark 1.5. Consider the second boundary value problem (ll.ip - (jl.2[) on the unit ball centered at 
the origin Q = Bi C with G(d) = where 9 Klfn. 

(i) If n/2 < p < n then the function u{x) = \x\ ^(sp-n) jg ^ solution to (ll.ip - (jl.2p with 

d = ^(^ — 1), </? and xf positive constants on dLl, f G LP{Q) but u ^ IT^’^(ll). 

2n0 

(ii) \i 6 < —1/n, then u{x) = is a solution to with if and -0 positive 

constants on dTl and / a positive constant but u lT^’”/^(r2). 

4 — 5n6 

(in) If —1/n < d < 0, then u{x) = |x| 4(i-ne) jg g, solution to (ll.lll - (ll.2l) with p and positive 
constants on dLl and / G (H) but u 0 1T^’"/^(11). 
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The situation in Remark [T3] (ii) is similar to the case 0 > 1 considered in [TW2| . For n = 2, 
9 = 2 and G{d) = Trudinger-Wang |TW2j constructed a radial function u, not smooth, 

with U^^Wij being a positive constant. In the examples in Remark 11.51 w = G'{det D'^u) vanishes 
somewhere in the interior of Id. It turns out that solutions to the second boundary value problem 
(jl.l|) - (|1.2p are well-behaved near the boundary even if the coercivity condition (B2) fails. 

Remark 1.6. Let G{d) = with 6 < 1/n. Let p > n and let Id be a bounded, uniformly convex 
domain in M”' with (9Id € G^’^. Suppose that p € IT^’P(Id), ^ S IT^’^’(Id), inf^ ijj > 0 and / G LP(fl). 
Then, for any uniformly convex solution u G G^(fi) of ()l.ip - (II.2l) . we have an a priori estimate 
near the boundary 

II^IIve4.p(Oj) — ^5 with Id^ := {x G Id : dist(x,(9Id) < 5}, 
where G and S depend on n,p,9,n, \\f\\LP{n)^ II¥^IIm/4,p(o) > Mw^:P{n)^ and infs^ V'- 

On the other hand, when G{d) = ^ with 9 < 0, that is the coercivity condition (B2) fails, 
but ||/^||l"(o) is small, then we still obtain a unique uniformly convex solution to the sec¬ 

ond boundary value problem (ll.ip - (ll.2l) . This is a slight improvement of |TW3[ [TW4] where the 
smallness was taken in the L°° norm. 

Remark 1.7. Fix p > n and let G{d) = with 9 < Ijn. Let Id be a bounded, uniformly convex 
domain in M” with 9Id G G^’^. Suppose / G L^(Id), tp G IT^’P(Id), if: G IF^’^(Id) with inf^-i/' > 0- If 
ll/''~llL"(r2) is small, then there exists a unique uniformly convex solution u G IF^’^(Id) to (ll.ip - (ll.2p . 

1.3. On the proof of global W'^’^ estimates. In additions to global regularity results for the 
Monge-Ampere [TW4j and linearized Monge-Ampere equations [L], a key step to global esti¬ 
mates for (jl.lj) - (ll.2p is to prove a uniform upper bound for the Hessian determinant detZd^u. 

The condition / < 0 in |TW4p [L] allowed the use of classical maximum principle to m to 
conclude that w has a positive lower bound, and hence, det D^u has a uniform upper bound. 

When / is not assumed to be non-positive, obtaining a uniform upper bound for det D^u be¬ 
comes trickier. In |CW| . with (Al)-(A3), by using Trudinger-Wang |TW4| solution to (jl.ip - (jl.2p 
for / = 0, Chau-Weinkove first obtained a uniform global bound on u by using very interesting 
geometric arguments involving the Gauss curvature of the boundary. From this, together with (A2), 
they obtained a uniform lower bound for w using either classical maximum principle or delicate 
Aleksandrov-Bakelman-Pucci (ABP) type argument to certain second order differential inequalities 
after performing some (not sharp) pointwise estimates. High integrability of /■*■ was required in the 
process. 

The key insight of this paper is that an application of ABP estimate to the dual equation of 
(HI]) via the Legendre transform gives a uniform upper bound for det D^u provided we have the 
coercivity condition (B2) and a global gradient bound for u; see Lemma 12.81 We prove the latter 
by uniformly bounding u globally and its Hessian determinant det D^u near the boundary. These 
estimates are derived as follows. 

First, we give a direct proof of the global a priori bound on u in Lemma [2.2l assuming only (Al), 
without resorting to any previous results regarding to solvability of dni-diii). The proof is inspired 
by |CW[ Lemma 2.2] but requires less regularity on the boundary data p and i/’ and gives explicit 
bounds. It is based on testing against smooth concave functions u and convex functions u having 
generalized affine mean curvature L[u] bounded in (Lemma 12.1)1 . This proof is of independent 
interest and can be potentially applied to other problems concerning fourth order equations. By 
(A3), we have a uniform lower bound for dei D^u (Lemma 12.4p . Next, by using our previous 
boundary Holder estimates for second-order equations with lower bound on the determinant of the 
coefficient matrix [Q to W^Wij = /, we obtain a uniform bound for detD^u near the boundary. 
This, together the global bound on u, allows us to construct barriers using the strict convexity of 
di} to obtain the global gradient bound for n; see Lemma 12.51 
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2. Proof of the main theorem 


In this section, we give the proof of the main result of the paper, Theorem ll.il As mentioned in 
the Introduction, to prove Theorem ll.il it suffices to prove Theorem 11.21 

Let p > n and let 11 be a bounded, uniformly convex domain in M"' with dQ G C^’^. Assume 
(/? € {Q),'Ip G ly^’P(ll), infn'f/l > 0 and / G LP{Q,). Suppose a uniformly convex solution 

u G (7^(11) solves ()l.ip - (jl.2p . 

We denote by C, C,Ci,C 2 , c, ci, etc, universal constants that may change from line to line. Unless 
stated otherwise, they depend only on n,p,G,n, ||<^|Ive 4 ,p(s^) , ||V’llH/ 2 ,p(n)> and inf^ 

Our basic geometric construction is the following: 


Lemma 2.1. There exist a convex function ti G and a concave function ft G ivith 

the following properties: 

(i) u = 'll = ip on d^l, 

(ii) 

Il'^llc 3 (r 2 ) 1111 c® (U) ll'^lllF'*'P(r 2 ) + ll'a||vF 4 ,p(-Q) < C, and detH^u > C ^ > 0, 

(in) letting 'w = G'(det and denoting b'y the cofactor matrix of (u^), then the 

generalized affine mean curvature of the graph of u is uniformly bounded in IT, that is 




<C, 

Lp{n) 


where C depends only on n, p, U, G, and ||<^||w 4 .p(f^). 


Proof. Let p be a strictly convex defining function of U, that is U := {x G M” : p{x) < 0}, p = 0 on 
dH and Dp 7 ^ 0 on dH. Then 

D^p > pin and p > —p~^ in H 

for some 77 > 0 depending only on U. Consider the following functions 

u{x) = ip{x) + p{e^ — 1 ), u = ip{x) — p{e^ — 1). 

Then u, u G lU^’^(U). From 

D^{e^ — 1) = e^{D^p + Dp 0 Dp) > e~'^ ^pln, 

we find that for a fixed but sufficiently large p (depending only on n,p,Il and ||v^||w'*.p(r 2 ))! u is 
convex while 'll is concave and; moreover, recalling p > n, (i) and (ii) are satisfied. From (ii), the 
smoothness of G and 


'Wij = G'"{detD^u)U^^U^^UkiiUrsj + G"{detD^u)U'^^Ukiij + G"{detD^u)U^^UkH, 
we easily obtain (iii). 


□ 


The following lemma gives a uniform bound on the Hessian determinant det D^u and as a 
consequence, a uniform bound on u. 


Lemma 2.2. Assuming (Al), we have 


(i) / deiD^u<G, and {ii) supluj^C, 

Jn n 

where G depends only on n, p, Vt, G, ||/||li(o), infafii/>. 

Remark 2.3. Lemma 12.21 fiii was proved in [CWl Lemma 2.2] under (Al)-(A3) using the result 
of Trudinger-Wang |TW4j on the solvability of (ll.ll) - (ll.2p in lU^’^(U) when / = 0. The constant 
G in |CWj depends on n, p, G, U, ||/||Li(n), llv^llcs.pn)’ llV'llci.i(n) infa^V’- Our proof here is 
self-contained and in fact gives a stronger bound (i). Moreover, from the proofs of Lemmas 12. II and 
Ea we find that the constant G can be made explicit. 
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Proof of Lemma \2.^ Let u be as in Lemma f2.ll Set / = W^Wij. The assumption (Al) implies that 
the function G{d) := G{dL) is concave because 


G {d) = n^d 


2 jn—2 


w'{d^)d^ + (1 - -)w{d^) 
n 


< 0 . 


Using this, G' > 0, and the concavity of the map M \—>■ (detM)^/” in the space of symmetric 
matrices M > 0, we obtain 

G((detL>2^)^/”) -G((detL>2^)^/”) < &- (det 

< (^'((det —(det {u — u)ij. 

n 

Since & {{dei D'^uY/'^) = nG'(detD2 u){dei D'^u) " , we rewrite the above inequalities as 


(S'(det D'^u) — G(det D'^u) < ~ '“) 


ij- 


Similarly, 

G(detL>^ri) — G(detL>^n) < ~ ^)ij- 

Adding, integrating by parts twice and using the fact that is divergence free, we obtain 


0 < 


f 

Jn 


u — u)ij + {u — u) 




= f — Uj)Vi + f f{u-u)+ f wWY'<^j - ^j)^i + [ f{u-u). 

J dQ Jo. J dQ> J 12 

Here v = (z^i, • • • , is the unit outer normal vector field on dLl. It follows that 
/(/-/)«+/ - Uj)iyi + wU^Yuj - Uj)iyi) < [ if - f)u 

Jn Jan ^ 'Jo. 

(2-1) < (||/||li(c 2) + ||/||Li(n))||fi||L°o(r2) < C*. 

Let us analyze the boundary terms in ( 12 .ip . Since u — u = 0on dLl, we have {u — u)j = {u — u)uVj, 
and hence 

~ u)jVi = U^^VjVi{u — u)y = U^'^{u — u)u = (det D'^,u){u — u),y, 
with x' L v denoting the tangential directions along dLl. Therefore, 


( 2 . 2 ) WYuj-Uj)i^i = U'''^{uu-uY, WYuj-Uj)iyi = LG'^{uu-uY. 

On the other hand, from « — (/? = 0 on dLl, we have, with respect to a principle coordinate system 
at any point y G dPl (see, e.g., |GTl formula (14.95) in §14.6]) 

Dij{u -^p) = {u- ip)yKi6ij,i,j = 1, • • • ,n - 1, 

where fci, • • • , Kn-i denote the principle curvatures of dLt at y. Let K = ki - ■ ■ Kn-i be the Gauss 
curvature of cAl at y G dPl. Then, at any y G H, by noting that det = det{Diju)i<ij<n-i and 
taking the determinants of 

DijVj — UpKidij ipyKiSij T L)j^j(p^ 
we obtain, with uf = max( 0 ,ttjy), 

(2.3) U'^'^ = KiuY'^-^ + E, where |.U| < G(1 + \uX~^) < C{1 + (u+)”“2). 

In the last inequality of (12.3p . we used the following fact which is due to the convexity of w. 

(2.4) Uu > -||D(^||ioc(f^). 
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Now, let u be as in Lemma l2.II Integrating by parts twice, and using (|2.2p . we find that 

(2.5) [ U^^{u-u)ij= [ W^{u-u\vj= [ 

JQ Jan Jan 

By Lemma l2.ll ttjy is bounded by a universal constant. The concavity of u gives W^Uij < 0. Thus, 
using W^Uij = ndetD'^u, we obtain from (I2.3p - (I2.5I) the following estimates 

(2.6) [ detD\< [ U'^‘'{u^-u^) <C + C [ (u+)”. 

Jn Jan Jan 

The Aleksandrov’s maximum principle (see [GTl Lemma 9.2]) then gives 


/ f \ i/« / f \ 1/” 

(2.7) ||u||£oo(Q) < ||v9||ioo(aQ)+C'(n)diam(fI) f y^detD^uj < C + C 

By Lemma ITTI Uu,'w, U'^'^ and ||/||l1(o) are uniformly bounded. Taking (I2.ip - (I2.3I) and (|2.7p 
into account, we obtain 

[ K^piutr < c+c [ - [ if - f)u 

Jan Jan Jn 

< C + C f intr-^ + c([ [utrY^ 

Jan \Jdn J 

From Holder inequality, n > 2 and the fact that Kijj has a positive lower bound, we easily obtain 

/ {<r<c, 

Jan 

from which the claimed uniform bound for u in (i) follows by (12.7p . Recalling (12.61) . we obtain the 
desired bound for the norm of detH^u stated in (i). □ 

The next lemma gives a uniform lower bound on the Hessian determinant det D^u. 

Lemma 2.4. / |CWl Lemma 2.3], [Ll Lemma 3.1]j Assume (A 3 ) is satisfied. Then, there exists a 
constant C > 0 depending only on n,p,G,+L, and ||V’llH/2,p(f7) such that 

w < C, and det D^u > C~^. 


The proof of Lemma 12.41 is short, so we include it here for reader’s convenience. 


Proof. Let d := det D^u. Then det f7 = d+ We apply Aleksandrov-Bakelman-Pucci’s maximum 
principle (see e.g. Theorem 9.1]) to W^Wij = / in H with w = if on dQ to find that 


( 2 . 8 ) 


sup w < sup + C 

n an 


f 

din-l)/n 




< SUpV' + C||/]|^„(f^)SUp(d(^ *")/”), 

an n 


where C depends only on n and fl. The desired upper bound on w follows from (| 2 . 8 p and assumption 
(A3) on C. The lower bound for det D‘^u = d then follows immediately. □ 


Now, we prove a key gradient bound for u. 

Lemma 2.5. Assume (Al), and (A3) are satisfied. Then, there exists a constant C > 0 depending 
only onn,p,C,n, \\f\\L«(n)> ll7^llvi/4,p(o), ||V’IIve 2 ,p(s^) andinfani) such that 

sup |Zltt| < C. 
n 

To this end, we recall the following result on boundary Holder estimates for second-order elliptic 
equations with lower bound on the determinant of the coefficient matrix. 
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Proposition 2.6. i^ ]Ll Proposition 2.1]) Let v he the continuous solution to the equation atjVij = g 
in Q with V = ip on dLl. Here the matrix {atj) is assumed to be measurable, positive definite and 
satisfies det{aij) > A. We assume that 

II¥^IIl°°(o) + I|5||l'i(o) < K 

and if is C" on dLl, namely, 

\ip{x) - ip{y)\ < L\x - ?/|" for x,y e dLl. 

Then, there exist 6,C depending only on X,n,K,L,a, diam{Ll), and the uniform convexity of Ll so 
that, for any xq G dLl, we have 

| 7 ;(x) — x(xo)| < C\x — xo|“^, Vx G ri n Bs{xo). 

Proof of Lemma \2.51 Let n be the unit outer normal vector field on dLl. The crucial point in the 
proof is to prove an upper bound for u^- 

By Lemma 12.41 we have a lower bound for the Hessian determinant det D^u > Ci where Ci 
depends only on n,p, G, Q, and ||^||iy 2 .p(o)' Because p > n, is clearly Holder continuous 

in H. Since detU > applying Proposition 12.61 to U^^Wij = / in H, we Hnd that w is Holder 

continuous at the boundary. 

Note that (Al) implies {w{d)d^~^^^y < 0 and therefore < C for d > 1. Since 

w = ijj > inlQQfi > 0 on dLl, it follows from the boundary Holder continuity of w that w is 
uniformly bounded from below while det D^u is uniformly bounded from above in a neighborhood 
:= {x G H : dist(x,clH) < d} of the boundary. Here <5 is a universal constant, depending only on 
n,p,G,n, infanV’, ll/llL-(n) and ||V’llw 2 >p(n)' 

Let p be a strictly convex defining function of H, that is H := {x G M” : p(x) < 0}, p = 0 on dLl 
and Dp 7 ^ 0 on dLl. Then 

D^p > gin and p > —g~^ in H 

where p > 0 depends only on H. We easily find that, for large p, the function 

v{x) = (p{x) + p(e^ — 1 ) 

is a lower bound for u in H 5 . 

Indeed, there exists a universal 6*2 > 0 such that p < —G 2 on dUs Id H. Since 
D^v = D'^ip + p,e^{D^p + Dp ® Dp) > D^ip + pge~’^ In in H 5 , 

V = u on dLl while 

V < ||<pI|l°°(!^) + - 1 ) on dLls n H, 

we find that for p universally large, 

det D^v > det D^u in H 5 

and u > V on dUs by the global bound on u in Lemma 12.21 Hence u > x in by the comparison 
principle (see [GTl Theorem 17.1]). 

From u = X on dLl, we deduce that Ui, < Vy and this gives a uniform upper bound for Uy. By 
convexity, 

Uu{x) > — ||iA(p||j;^oo(Q), for all x G dH. 

Because x = <p on dLl, the tangential derivatives of u on dLl are those of <p. Thus Du is uniformly 
bounded on dLl. Again, by convexity, we hnd that Du is bounded in H by a universal constant as 
stated in the lemma. □ 

Finally, we come to the key argument of the paper. To prove a uniform upper bound for det D^u, 
we use the Legendre transform: 

y = Du{x),u*{y) = x ■ y — x(x)(= sup {y ■ z — u{z))) . 
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The Legendre transform u* of u is defined in := Du{Q). u* is a uniformly convex, smooth 
function in Q*. Furthermore the Legendre transform of u* is u itself. From y = Du{x) we have 
X = Du*{y) and D‘^u{x) = [D‘^u*{y)) ^. 

The Legendre transform u* satishes a dual equation to (ll.ljl as stated in the following lemma. 


Lemma 2.7. The Legendre transform u* satisfies the equation 

= -f{Du*) deiD'^u*, 

where is the cofactor matrix of D^u* and 

w* = G ((det D^u*)-^) - (det D^u*)-^G' ((det D^u*)-^) . 

This lemma was previously observed by Trudinger-Wang |TW1] (in the proof of Lemma 3.2 there) 
and Zhou [Z] (before the proof of Lemma 3.2 there). The idea is as follows. Since u is a critical 
point of the functional J, u* is a critical point of the dual functional J* under local perturbations, 
so it satisfies the Euler-Lagrange equation of J* and this gives the conclusion of Lemma 12.71 The 
dual functional with respect to the Legendre transform is given by 

J*{u*)= f G{[det D‘^u*]~^) det D‘^u* dy — f f{Du*){yDu* — u*) det D‘^u* dy. 

Jn* Jn* 

We give here a direct proof of Lemma 12.71 


Proof of Lemma fS. 7| . For simplicity, let d = det D^u and d* = det D^u*. Then d = d* We denote 
by (u*-^) and (tt**-^) the inverses of the Hessian matrices D^u = (uij) = ) and D^u* = {u*j) = 

(^g-). Note that w = G'{d) = G'{d*-^). Thus 


dxi 


dw _ dG'jd*-^) dyk 
dyk dxj 


d 

dyk 


G'{d 




'^kj 


d 

dyk 


G'{d*-^) 


u 


*kj 


Clearly, 


(=— 1 d 1 


d 


^*-.-G'{d*-^) = G{d*-^) - d*-^G'{d*-^) 

dyk dyk L 


= -Wk, 


from which it follows that Wj = —wl.{U*)^fi Similarly, Wij = ■^WjU*''^. Hence, using 

Ud = {det D‘^u)ud = {d*)-\*j, 

and the fact that U* = {U*^^) is divergence-free, we find from (11.111 that 

/(«„•). . -(.r‘I- - -(ryx 

Thus, the lemma is proved. 




□ 


We are now ready to prove that the Hessian determinant det D^u is universally bounded away 
from 0 and oo. 


Lemma 2.8. Assume (Al), (B2) and (A3) are satisfied. Then, there exists a constant G > 0 
depending only onn,p,G,Q, \\f\\Ln(^Q), \\t\\w^.p{q.), ||V’llvu 2 ,p(n) and infan such that 

C-^ < detD\ < G. 

Proof of Lemma \2.^ We use the same notation as in Lemma 12.71 and its proof. By Lemma 12.51 
diam{Ll*) is bounded by a universal constant G. With (Al) and (A3), we can apply Lemma 12.71 to 
conclude that u*dw*j = —f{Du*{y)) in H* with 

w* = G{d) - dG'{d) = G{G'~^{w)) - G'~^{w)w = G{G'~\'fi)) - G'~\'fi)fj on dLl*. 
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Applying the ABP estimate [GTl Theorem 9.1] to w* on Q*, and then changing of variables y = 
Du{x) with dy = det D^u dx, we obtain 


llL°°(r 2 *) ^ -\-CndiamiVl*) 

ifnDu^ 


f{Du* 


= C + C 
= C + C 


In* {det D^u*) 

i/r(^) 

ifi det D'^u 


— dy 


{detu*'^^YC- 

Ijn 

Ijn 


L’^in*) 




Since w* = C{d) — dC'{d) and the coercivity condition (B2) is satisfied, the above estimates give a 
uniform upper bound for d = detH^ti. The lower bound for detH^rt follows from Lemma 12.41 □ 


With Lemma 12.81 we can now complete the proof of the global estimates in Theorem 11.21 


Proof of theorem \1.^ The proof here is taken from [Q Theorem 1.2]. We include it for completeness. 
It is an application of two regularity results; 

(i) Global Holder continuity estimates for solutions of the linearized Monge-Ampere equa¬ 
tions [L] which are the global counterparts of the fundamental interior Holder estimates by 
Caffarelli-Gutierrez ra, and 

(ii) Global C^’“ estimates for the Monge-Ampere equation |TW4] when the Monge-Ampere 
measure is only assumed to be globally C". 

By Lemma [T 8 l C~^ < det D'^u < C. Note that, by (jl.ip . w is the solution to the linearized Monge- 
Ampere equation W^Wij = / with boundary data w = tp- Because ip € W^’P(Q) with p > n, ip is 
clearly Holder continuous on dit. Thus, by [Q Theorem 1.4], w G C“(n) for some a > 0 depending 
on the data of ()l.ip - (|1.2p . Rewriting the equation for w as 

detD^u = (C')~^(w), 

with the right hand side being in C'^{PP) and noticing u = ip on <911 where + G C^{Q) because 
ip G W^’^{Pt) and p > n, we obtain u G C'^’“(n) [TWd] Theorem 1.1]. Thus the first equation of 
(|l.ip is a uniformly elliptic, second order partial differential equations in w with IP right hand side. 
Hence w G and in turn u G with desired estimate 

where C depends on n,p,G,n, \\f\\Lp(^Q) , \\p\\w^,p(pr) > \\Y\\w^,P{n)^ and inf^iA. □ 


3. Proofs of the Remarks 

In this final section, for completeness, we give the proofs of Remarks 11.4111.5111.61 and 11.71 


Proof of Remark \l.f\ The proof of (b) is elementary and follows from direct computation so we 
skip it. For (a), suppose that C satishes (Al)-(A3). Let 


M{d) = C{d) - dG'{d) 


G(l) — tc(l) -|- c(l-) logd 

n 


Then, from G''{d) = w'{d), and (Al), we have 

M'{d) = -dw' - c(l - -)i > (1 - -)w - c(l - -)i. 

red re red 

Thus, if d > 1 then by (A2), M'{d) > 0. Therefore, for d > 1, we have M(d) > M(l) = 0 and the 
result follows. □ 
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Proof of Remark \1.5[ In all these examples, the function u is convex and of the form 

u = v{r) = r“, r = |x|, with 1 < a < 2. 


We can compute 

det = v' = a^{a - ,w = (det = K(a - 1)]®-V(“- 

From 6 < 1 and 1 < a < 2, we have u) = 0 at 0 £ 0. Since D^u and {D'^u) 
diag {v”, yr '' j y) diag (^, " j ^)) we can compute 


2)n(6»-i) ^ y/ijY 

are similar to 





j^n—1 




[w'{vY-^\ 

j.n—1 


It follows that for some Ci = Ci{n, a, 9) >0 and C 2 = C 2 {n, a, 9) > 0, 

W'{vY~^ = (7l^(“-l)(’^-l)+(«-2)n(6'-l)-l _ (j^^{a-2){ne-l)+n-2 ^ 

(3.1) / = U^^Wij = 

(i) In this case, since p/2 < p < n, we have 


n — p , , 1 ,n , / 

“ = ^ + 2{3p-n) ^ ^ ^ n^- 


We find that 


(a - 2 )(n 6 » - 1 ) - 2 


1 T) 

--(1 + 3-) > -n/p 

4 p 


and hence / £ Since a — 4 < —2, ~ r“ ^ 0 and hence u 0 

(ii) Note that u = where a = 2 + £ (1, 2). Then / defined by (I3.ip is a positive constant. 

However, as above, u ^ 

(hi) As in (ii), u 0 IF‘^’"/^(H). In this case, we note that / defined by (13.ip belongs to U’{Q) 
because (a — 2){n9 — 1) — 2 = —1 — 3n0/4 > —1 — n9/2 = —n/p. □ 


Sketch of the proof of Remark{L^ For 9 < 1/n, (Al) and (A3) are satisfied, hence we have the 
global gradient bound for u as in Lemma 12.51 The proof of Lemma 12.51 also shows that det D^u is 
uniformly bounded away from 0 and 00 in a neighborhood k} 2 S of dkl. Thus, as in [Si Proposition 
3.2], we find that u separates quadratically from its tangent planes on the boundary dkl. Therefore, 
we can use [Q Theorem 1.4] in H 25 to conclude that w £ C^{^ 3 s/ 2 )- By the pointwise C^’“ estimates 
at the boundary for the Monge-Ampere equation [S], applied to detD^u = {G')~^{w), we conclude 
that u is (7^’“ in Now, Lf^^dij is a uniformly elliptic second order operator with (7“ coefficients 
in kls- Thus, with / £ L^(H), we have w £ W‘^''P{Q.s). The estimates for u in klg follow. □ 


Proof of Remark [13 As in the proof of Theorems 11.11 and 11.21 it suffices to prove a positive lower 
bound for w when ||/'''||l"(o) is small. With 6 * < ^, (A3) is satisfied. Thus, by Lemma [T4l w is 
uniformly bounded from above: ||ri’111,00(0) ^ Ci. Let ci := mingo V’ > 0 Then, by recalling that 

det U = (det = tc »-i, and using the ABP estimate to W^Wij = / < /+ in H, we hnd 


min w > min xb — 
n dn 


diam(H) 

1/n 

nwn 




(det 1 /)^/^ 


= Cl -C2 


L^{n) 


j+yjn(i-e) 




> ci-C 2 \\r\\LHn)Cr ^ >ci/2 


if II/+I|l"(o) < Cl/ { 2C2Cf^ 


□ 
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